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Definition. 𝜑 is convex if for all 𝑥, 𝑦 ∈ dom(𝜑) and 𝜆 ∈ [0, 1], we have

𝜑(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝜑(𝑥) + (1 − 𝜆)𝜑(𝑦)

Question 1
Let 𝜑 : [𝑎, 𝑏] → ℝ be convex and 𝑐 ∈ (𝑎, 𝑏). Show that there exists a constant 𝜇 ∈ ℝ such that

𝜑(𝑥) ≥ 𝜑(𝑐) + 𝜇(𝑥 − 𝑐) ∀𝑥 ∈ [𝑎, 𝑏]

Solution. Let

𝐿 = sup
𝑎≤𝑥<𝑐

𝜑(𝑐) − 𝜑(𝑥)
𝑐 − 𝑥

and 𝑅 = inf
𝑐<𝑥≤𝑏

𝜑(𝑥) − 𝜑(𝑐)
𝑥 − 𝑐

We will show 𝐿 ≤ 𝑅 (which will also show that both numbers exist). It suffices to show for any 𝑢, 𝑣 ∈ [𝑎, 𝑏] with 𝑢 <
𝑐 < 𝑣 we have

𝜑(𝑐) − 𝜑(𝑢)
𝑐 − 𝑢

≤ 𝜑(𝑣) − 𝜑(𝑐)
𝑣 − 𝑐

Taking 𝑡 = (𝑐 − 𝑢)/(𝑣 − 𝑢) ∈ [0, 1], we obtain

𝑐 = 𝑢 + (𝑐 − 𝑢) = 𝑢 + 𝑡(𝑣 − 𝑢) = (1 − 𝑡)𝑢 + 𝑡𝑣

so by convexity 𝜑(𝑐) ≤ (1 − 𝑡)𝜑(𝑢) + 𝑡𝜑(𝑣) which implies

𝜑(𝑐) − 𝜑(𝑢) ≤ 𝑡(𝜑(𝑣) − 𝜑(𝑢)) = (𝑐 − 𝑢)𝜑(𝑣) − 𝜑(𝑢)
𝑣 − 𝑢

and

𝜑(𝑣) − 𝜑(𝑐) ≥ (1 − 𝑡)(𝜑(𝑣) − 𝜑(𝑢)) = (𝑣 − 𝑐)𝜑(𝑣) − 𝜑(𝑢)
𝑣 − 𝑢

so that

𝜑(𝑐) − 𝜑(𝑢)
𝑐 − 𝑢

≤ 𝜑(𝑣) − 𝜑(𝑢)
𝑣 − 𝑢

≤ 𝜑(𝑣) − 𝜑(𝑐)
𝑣 − 𝑐

which gives the desired inequality.

Thus, 𝐿,𝑅 both exist and 𝐿 ≤ 𝑅. We take 𝜇 to be any element of [𝐿,𝑅]. Let 𝑥 ∈ [𝑎, 𝑏].

Of course, if 𝑥 = 𝑐, we have 𝜑(𝑥) ≥ 𝜑(𝑐) + 𝜇 ⋅ 0. If 𝑥 < 𝑐, then

𝜑(𝑐) − 𝜑(𝑥)
𝑐 − 𝑥

≤ 𝐿 ≤ 𝜇⟹ 𝜑(𝑐) ≤ 𝜑(𝑥) + 𝜇(𝑐 − 𝑥)⟹ 𝜑(𝑥) ≥ 𝜑(𝑐) + 𝜇(𝑥 − 𝑐)

If 𝑥 > 𝑐, we have

𝜑(𝑥) − 𝜑(𝑐)
𝑥 − 𝑐

≥ 𝑅 ≥ 𝜇⟹ 𝜑(𝑥) ≥ 𝜑(𝑐) + 𝜇(𝑥 − 𝑐)

In every case, we have 𝜑(𝑥) ≥ 𝜑(𝑐) + 𝜇(𝑥 − 𝑐), as needed. ∎

Question 2
Let 𝜑 ∈ 𝒞︀2[𝑎, 𝑏]. Prove that 𝜑 is convex if and only if ∀𝑥 ∈ (𝑎, 𝑏), 𝜑(2)(𝑥) ≥ 0.

Solution.

(⟹) Suppose 𝜑 is convex. Fix 𝑥 ∈ (𝑎, 𝑏); we have, by Taylor’s theorem, that for sufficiently small ℎ

𝜑(𝑥 + ℎ) = 𝜑(𝑥) + 𝜑(1)(𝑥)ℎ + 𝜑(2)(𝑥)ℎ2 + 𝑜(ℎ2)
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and

𝜑(𝑥 − ℎ) = 𝜑(𝑥) − 𝜑(1)(𝑥)ℎ + 𝜑(2)(𝑥)ℎ2 + 𝑜(ℎ2)

so

𝜑(2)(𝑥) = lim
ℎ→0

𝜑(𝑥 + ℎ) + 𝜑(𝑥 − ℎ) − 2𝜑(𝑥)
ℎ2

We claim that the quotient in the limit is always ≥ 0 for sufficiently small ℎ. Indeed, we have

𝑥 = 1
2
(𝑥 + ℎ) + 1

2
(𝑥 − ℎ)

so

𝜑(𝑥) ≤ 1
2
𝜑(𝑥 + ℎ) + 1

2
𝜑(𝑥 − ℎ)

and thus

𝜑(𝑥 + ℎ) − 𝜑(𝑥 − ℎ) − 2𝜑(𝑥) ≥ 0

So, 𝜑(2)(𝑥) is the limit of non-negative values and is hence itself non-negative. ∎

(⟸) Suppose 𝜑(2)(𝑥) ≥ 0 for all 𝑥 ∈ (𝑎, 𝑏). Let 𝑥, 𝑦 ∈ [𝑎, 𝑏] and 𝜆 ∈ [0, 1]. We want to show

𝜑(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝜑(𝑥) + (1 − 𝜆)𝜑(𝑦)

If 𝑥 = 𝑦, the inequality is trivial. If 𝑥 < 𝑦, let 𝑐 = 𝜆𝑥 + (1 − 𝜆)𝑦 ∈ (𝑥, 𝑦). By Taylor’s theorem (in the Lagrange 

form of the remainder), there exists 𝜉 ∈ (𝑥, 𝑐) and 𝜁 ∈ (𝑐, 𝑦) such that

𝜑(𝑥) = 𝜑(𝑐) + 𝜑(1)(𝑐)(𝑥 − 𝑐) + 𝜑(2)(𝜉)
2

(𝑥 − 𝑐)2

and

𝜑(𝑦) = 𝜑(𝑐) + 𝜑(1)(𝑐)(𝑦 − 𝑐) + 𝜑(2)(𝜁)
2

(𝑦 − 𝑐)2

Applying the assumption 𝜑(2) ≥ 0 and some algebra on 𝑥 − 𝑐, 𝑦 − 𝑐, we obtain

𝜑(𝑥) ≥ 𝜑(𝑐) + 𝜑(1)(𝑐)((1 − 𝜆)(𝑥 − 𝑦))

and

𝜑(𝑦) ≥ 𝜑(𝑐) + 𝜑(1)(𝑐)(𝜆(𝑦 − 𝑥))

from which we obtain (by multiplying the first inequality by 𝜆, the second by 1 − 𝜆, and adding)

𝜆𝜑(𝑥) + (1 − 𝜆)𝜑(𝑦) ≥ 𝜑(𝑐) = 𝜑(𝜆𝑥 + (1 − 𝜆)𝑦)

which is exactly the desired inequality. ∎

Question 3
Let 𝑥1,…, 𝑥𝑛 ∈ [𝑎, 𝑏] and 𝜆1,…, 𝜆𝑛 > 0 with ∑𝑛

𝑖=1 𝜆𝑖 = 1. Prove that

𝜑(∑
𝑛

𝑖=1
𝜆𝑖𝑥𝑖) ≤∑

𝑛

𝑖=1
𝜆𝑖𝜑(𝑥𝑖)

Solution. The case for 𝑛 = 1 is trivial and the case for 𝑛 = 2 is simply the definition of convexity.

Now, suppose the result holds for 𝑛. Let 𝑥1,…, 𝑥𝑛+1 ∈ [𝑎, 𝑏] and 𝜆1,…, 𝜆𝑛+1 > 0 with ∑𝑛+1
𝑖=1 𝜆𝑖 = 1.

Observe that
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∑
𝑛+1

𝑖=1
𝜆𝑖𝑥𝑖 =∑

𝑛

𝑖=1
𝜆𝑖𝑥𝑖 + 𝜆𝑛+1𝑥𝑛+1

= (1 − 𝜆𝑛+1)∑
𝑛

𝑖=1
𝜇𝑖𝑥𝑖 + 𝜆𝑛+1𝑥𝑛+1 where 𝜇𝑖 =

𝜆𝑖
1 − 𝜆𝑛+1

so, by definition of convexity, we have

𝜑(∑
𝑛+1

𝑖=1
𝜆𝑖𝑥𝑖) ≤ (1 − 𝜆𝑛+1)𝜑(∑

𝑛

𝑖=1
𝜇𝑖𝑥𝑖)+ 𝜆𝑛+1𝜑(𝑥𝑛+1)

Applying the induction hypothesis allows us to conclude. ∎

Question 4
Let 𝑓 ∈ ℜ[𝑎, 𝑏] and assume 𝜑 : ℝ → ℝ is convex. Show that 𝜑 ∘ 𝑓 ∈ ℜ[𝑎, 𝑏] and

𝜑( 1
𝑏 − 𝑎

∫
𝑏

𝑎
𝑓(𝑥) d𝑥) ≤ 1

𝑏 − 𝑎
∫

𝑏

𝑎
𝜑(𝑓(𝑥)) d𝑥

Solution. The function 𝜑 ∘ 𝑓  is integrable because 𝜑 is continuous and 𝑓  is integrable. For any partition (Γ, 𝜂) ∈ Ω∗[𝑎, 𝑏] 
with Γ = 𝑥0 < ⋯ < 𝑥𝑛 we have

𝜑(𝜎( 1
𝑏 − 𝑎

𝑓, Γ, 𝜂)) = 𝜑(∑
𝑛−1

𝑖=0
𝑓(𝜂𝑖)

𝑥𝑖+1 − 𝑥𝑖
𝑏 − 𝑎

)

≤∑
𝑛−1

𝑖=1
𝜑(𝑓(𝜂𝑖))

𝑥𝑖+1 − 𝑥𝑖
𝑏 − 𝑎

= 𝜎( 1
𝑏 − 𝑎

(𝜑 ∘ 𝑓), Γ, 𝜂)

so taking limits (again, 𝜑 is continuous) we have

𝜑( 1
𝑏 − 𝑎

∫
𝑏

𝑎
𝑓(𝑥) d𝑥) ≤ 1

𝑏 − 𝑎
∫

𝑏

𝑎
𝜑(𝑓(𝑥)) d𝑥

as needed.

Question 5
Assume that 𝑓 ∈ 𝒞︀1[𝑎, 𝑏] and 𝑓(𝑎) = 0. Prove that

( sup
𝑥∈[𝑎,𝑏]

|𝑓(𝑥)|)
2

≤ (𝑏 − 𝑎)∫
𝑏

𝑎
(𝑓 ′(𝑥))2 d𝑥

Solution. The function 𝜑(𝑡) = 𝑡2 is convex, so we have by Q4 that for all 𝑥 ∈ [𝑎, 𝑏],

( 1
𝑥 − 𝑎

∫
𝑥

𝑎
𝑓 ′(𝑥) d𝑥)

2

≤ 1
𝑥 − 𝑎

∫
𝑥

𝑎
(𝑓 ′(𝑥))2 d𝑥

which, by the FTC is equivalent to

𝑓(𝑥)2 ≤ (𝑥 − 𝑎)∫
𝑥

𝑎
(𝑓 ′(𝑥))2 d𝑥

Since (𝑥 − 𝑎) ≤ (𝑏 − 𝑎) and (𝑓 ′(𝑥))2 ≥ 0, we can relax the inequality to

𝑓(𝑥)2 = |𝑓(𝑥)|2 ≤ (𝑏 − 𝑎)∫
𝑏

𝑎
(𝑓 ′(𝑥))2 d𝑥

Since this is true for all 𝑥 ∈ [𝑎, 𝑏], we get
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sup
𝑥∈[𝑎,𝑏]

|𝑓(𝑥)|2 ≤ (𝑏 − 𝑎)∫
𝑏

𝑎
(𝑓 ′(𝑥))2 d𝑥

Since |𝑓| ≥ 0, we have sup𝑥∈[𝑎,𝑏]|𝑓(𝑥)|2 = (sup𝑥∈[𝑎,𝑏]|𝑓(𝑥)|)
2
 so the above is the desired inequality. ∎

Question 6
Suppose 𝑓, 𝑔 ∈ 𝒞︀[0, 1] and let 𝑝, 𝑞 > 1 with 1/𝑝 + 1/𝑞 = 1. Prove the Hölder inequality:

∫
1

0
|𝑓(𝑥)𝑔(𝑥)| d𝑥 ≤ (∫

1

0
|𝑓(𝑥)|𝑝 d𝑥)

1/𝑝

(∫
1

0
|𝑔(𝑥)|𝑞 d𝑥)

1/𝑞

Solution. We first prove the following lemma (which is known as Young’s inequality for products).

Lemma. Let 𝑎, 𝑏 ≥ 0 and 𝑝, 𝑞 > 1 with 1/𝑝 + 1/𝑞 = 1. Then 𝑎𝑏 ≤ 𝑎𝑝
𝑝 + 𝑏𝑞

𝑞 .

Proof. If 𝑎 = 0 or 𝑏 = 0, we are done. Assume 𝑎, 𝑏 > 0, then we have

− log(1
𝑝
𝑎𝑝 + 1

𝑞
𝑏𝑞) ≤ −1

𝑝
log(𝑎𝑝) − 1

𝑞
log(𝑏𝑞)

= − log(𝑎) − log(𝑏)
= − log(𝑎𝑏)

which gives log(𝑎𝑏) ≤ log(1
𝑝𝑎

𝑝 + 1
𝑞𝑏

𝑞) and exponentiating gives the result. ∎

Now, set

𝐴 = (∫
1

0
|𝑓(𝑥)|𝑝 d𝑥)

1/𝑝

and 𝐵 = (∫
1

0
|𝑔(𝑥)|𝑞 d𝑥)

1/𝑞

so that, by Young’s inequality, we have for all 𝑥 ∈ [0, 1] that

|𝑓(𝑥)|
𝐴

|𝑔(𝑥)|
𝐵

≤ |𝑓(𝑥)|𝑝

𝑝𝐴𝑝 + |𝑔(𝑥)|𝑞

𝑞𝐵𝑞

Integrating both sides gives

1
𝐴𝐵

∫
1

0
|𝑓(𝑥)𝑔(𝑥)| d𝑥 ≤ 1

𝑝
+ 1
𝑞
= 1

which is what we want. ∎
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