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Definition. ¢ is convex if for all z,y € dom(p) and A € [0, 1], we have

p(Az + (1= Ny) < Ap(z) + (1 = Nep(y)

Question 1
Let ¢ : [a,b] — R be convex and ¢ € (a, b). Show that there exists a constant 4 € R such that

p(z) 2 p(c) +pu(z—c)  Vz€la,b]
Solution. Let

L = 5up M and R — lnf QO(CL') *SO(C)

a<z<c cC— c<xz<b Tr—cC

We will show L < R (which will also show that both numbers exist). It suffices to show for any u, v € [a, b] with u <
¢ < v we have

p(c) — p(u) < p(v) — p(c)

Taking t = (¢ —u)/(v—u) € [0, 1], we obtain
c=u+(c—u)=ut+tlv—u)=1—-t)u+t+tv

s0 by convexity ¢(c) < (1 — t)p(u) + te(v) which implies

p(c) = p(u) < tp(v) —p(u) = (c — U)W
and
p(v) = ple) = (1 =t)(p(v) = p(u)) = (v— C)W
so that
w(c) — p(u) < e(v) — p(u) < p(v) — p(c)

which gives the desired inequality.
Thus, L, R both exist and L < R. We take u to be any element of [L, R]. Let € [a, b].

Of course, if z = ¢, we have p(x) > p(c) + p- 0. If z < ¢, then

plc) — p(x)

—,  SL=su= ) <e@)+puc—1) = o@) 2 9(c) + ula —c)

If £ > ¢, we have

p(z) —p(c)

e 2 B2u= (@) = () +ule—c)

In every case, we have p(z) > p(c) + p(x — ¢), as needed.

Question 2
Let ¢ € C?[a, b]. Prove that ¢ is convex if and only if V € (a,b), ) (z) > 0.

Solution.

(=) Suppose g is convex. Fix x € (a, b); we have, by Taylor’s theorem, that for sufficiently small h

p(z+h) = p(z) + ¢V (@)h+ @ (2)h? + o(h?)
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and
p(z —h) = p(z) — M (2)h + @ (z)h* + o(h?)
o (z) = lim p(x+h)+ wi;— h) — 2¢(x)

We claim that the quotient in the limit is always > 0 for sufficiently small k. Indeed, we have

m:%(x+h)+%(x—h)

S0
p(2) < g+ h) + 50z — h)
and thus
o(x+h)—p@—h) —2p(x) >0
So, p?)(z) is the limit of non-negative values and is hence itself non-negative. [ |

() Suppose p?(z) > 0forallz € (a,b). Let z,y € [a,b] and \ € [0, 1]. We want to show
Az + (1= Ny) < Ap(z) + (1= Ne(y)

If z = y, the inequality is trivial. If z < y, let ¢ = Ax 4+ (1 — \)y € (z,y). By Taylor’s theorem (in the Lagrange
form of the remainder), there exists £ € (z, ¢) and ¢ € (¢, y) such that

&)
o(x) = pl0) + ¢V (e)w — ) + £ ooy
and
(2
o) = ole) + eV () + £y oy

Applying the assumption ¢(®) > 0 and some algebra on z — ¢,y — ¢, we obtain
() = p(c) + o () (1 = N)(z —y))
and
p(y) = p(c) + o) My — =)
from which we obtain (by multiplying the first inequality by A, the second by 1 — A, and adding)
Ap(z) + (1= Ne(y) = ¢(c) = p(Az + (1 — A)y)

which is exactly the desired inequality. [ |

Question 3
Let zq,...,x, € [a,b] and A\, ..., A,, > 0 with Z?:l A; = 1. Prove that

¥ (i )\z’%) < i Aip(;)
i=1 i=1

Solution. The case for n = 1 is trivial and the case for n = 2 is simply the definition of convexity.
Now, suppose the result holds for n. Let z, ..., x,,,; € [a,b] and A, ..., A, ; > 0 with Z?:ll A\ =1

Observe that
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n+1 n
Z Ay = Z Ay + A1 gy
i=1 i=1
=(1=A) Z Wiy + Apy1Tpyy  Where p; = #
i=1 n+1

so, by definition of convexity, we have

n+1 n
2 (Z Aﬂi) <(1- )‘n+1)90< :u'ixi) + X190 (ZTni1)
i=1 i=1

K3

Applying the induction hypothesis allows us to conclude. |

Question 4
Let f € R[a, b] and assume ¢ : R — R is convex. Show that ¢ o f € R[a, b] and

b b
w(bia/a f(:v)dfc> <50 | wUEna

Solution. The function o f is integrable because ¢ is continuous and f is integrable. For any partition (I', ) € Q*[a, ]

(ot

withI' = 25 < -+ < z,, we have

n—1
Tiy1 — Ly
(; b—a
Liv1 — Ly

<Y elfm)

so taking limits (again, ¢ is continuous) we have

b b
w(bia/a f(:v)dw) < gy | et

as needed.

Question 5
Assume that f € C'[a,b] and f(a) = 0. Prove that

( sup f<x>) <(b—a) / (f(2)) da

z€la,b| a

Solution. The function ((t) = t? is convex, so we have by Q4 that for all z € [a, b],

(xla/jf'@)dw)Qs R

which, by the FTC is equivalent to
faP<@-a) [ (F@) d
Since (z —a) < (b — a) and (' (z))? > 0, we can relax the inequality to

b
f@)? =f(=)]? < (b—a)/ (f'(2))* dz

a

Since this is true for all z € [a, b], we get
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b
sup | f(@)? < (b— a) / (' (@) de

z€(a,b] a

2
Since | f| > 0, we have sup,(, 4| f(2)[* = (supze[a’b] |f(z) \) so the above is the desired inequality. ]

Question 6
Suppose f,g € €[0,1] and let p,q > 1 with 1/p + 1/q = 1. Prove the Hélder inequality:

1 1 1/p 1 1/q
z)g(z)| dz z)|P dx z)|4dz
/0|f< o) dz < (/ (@) ) (/ l9(2)| )

Solution. We first prove the following lemma (which is known as Young’s inequality for products).
Lemma. Leta,b > 0 andp,q > 1 with1/p+1/q=1. Thenab < %p + %.
Proof. If a = 0 or b = 0, we are done. Assume a, b > 0, then we have
1 1 1 1
—log(—a" + —bq> < —=log(a?) — — log(b?)
p q p q

= —log(a) — log(b)
= —log(ab)

which gives log(ab) < log(%az’ + %bq) and exponentiating gives the result. [ |

1 1/p 1 1/q
A= (/0 |f(:v)|pd:r) and  B= (/0 g(m)|qu>

so that, by Young’s inequality, we have for all z € [0, 1] that

Now, set

@) lg@)] _ If@)” g
A B T pAr qB1
Integrating both sides gives
1 /1 11
—_— fl)g(z)|de < —4+-=1
a5 @l <
which is what we want. [ ]
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