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Question 1
Show that

n n+1
/ Inzdx ~ / Inzdz
1 2

n+1 n
Inxdx — Inxdx
lim fz fl =0

n+1
n—0oo f2 lnzdx

Solution. It suffices to show

Note that the numerator is simply

n+1
/ Inzdx —C <In(n+1)

n

where C' = [ 12 In z dz is a positive constant. Similarly, the denominator is
n+1
/ Inzdz>(n—1)In2
2

so we have

f2n+1 lnxdx—fln Inzdz In(n + 1)

0< <
f:H Inxdzx (n—1)In2

for large enough n. By the Squeeze Theorem (note that the right hand size goes to zero), we have

fnﬂ lnxdx—flnlnxdx

lim =2 =0
n—00 f2n+1 Inzdz
)
. fln Inzdz _
nooo [N+l
f2 Inzdz
and thus

n n+1
/ Inxdx ~ / Inxzdx
1 2

as needed.
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Question 2
Show that

In(n!) ~nlnn —n

n n—1 k+1
/ Inzdx = / Inzdx
1 k k

Solution. We have

and likewise

> Ink
k=2
=In H k) = In(n!)
k=2

so we have

n n+1
/ Inzdz <ln(n!) < / Inzdz
1 2

dividing everything by [ 2n+1 In z dz and applying Question 1 and the Squeeze Theorem gives
In(n!) ~ / lnzder=nlnn—n+1~nlnn—n
1

as needed. [ |
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Question 3

Find the Taylor series of In(1 + ) centered at 0. Indicate the radius of convergence and show that the Taylor series
converges to In(1 + ) for any z € (—1,1).

Solution.

Let f(z) = In(1 + z). We claim ™ (z) = (—1)**(n — 1)!(1 + z)~™ for all n > 1. Indeed, we have in the base case

(@) = £ In(1 +0) = (1 +2)

and if the claim holds for some k > 1, then

d
fE(z) = d—(—l)’“*l(k —D)IA4z)7F = (—1)kE!(1 + )" +D
x
so the Taylor series at zero is
0o e [ z"
—D)" -1 +0)"" = = —1)nl—
D R L
Note that we drop the n = 0 term since f(0) = In(1) = 0.
To find the radius of convergence, we use the ratio test. We have
’(_1)"27311 " n
lim —————) = lim |z| = |z|
n—oo (—1)'”_1 n n—00 n 4+ 1

so the series converges whenever |z| < 1 (i.e., the radius of convergence is 1).
Finally, we show that the Taylor series converges to In(1 + z) for any z € (—1,1). The = 0 case is clear.

Suppose z € (0, 1). Using the Lagrange remainder, we can write for all n,

n_ (k)
o) =3Pt 4 R,
where
f e,
R, (z) = Wﬂﬁ 1

for some ¢, € (0, z). But,

£ (e,) = (~1)"ni(L + ¢y
where, since ¢, > 0, (1 + cz)7<n+1) <1,so0
nt1

1
f(n+ >(c$)wn+l < T

B ()= ) S+l

and we have convergence to f(z) in this case.

Suppose = € (—1,0). This time, we use the Cauchy remainder and write

i (e,) n | _ (c—2)" |zl
R = | rz/ — =
Ru@)] = [F o e yra] = 20 B
|| <1 1—|—:c)"
Cl+c 1+¢
x
<1|—+|c(1—(1+x))" since l+c<1,(1+z)/(14+¢c)>1+z
L hat |z| = —z si 0
“Tre¢ note that |z| = —z since z <
As |z| < 1, this goes to zero as n — 0o so we have convergence to f(z) in this case too. ]
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Question 4
Let

1
In(n!) =nlon—n+ élnn—l—C’n

Show that lim,,_,  C,, exists.

Solution. By definition, we have

C,

1
o =In(n!) —nlon+n— Elnn

so
1 1
Co1—C, = (ln((n—i- DH)—(m+1)nn+1)+(n+1) —éln(n—f—l)) . (ln(n!)—nlnn+n—§lnn)
1 1
zln(n+1)f(n+1)ln(n+1)+1—51n(n+1)+nlnn+§1nn
zl—nln(n+1>—lln(n+1>
n 2 n
:1—(n+l)ln<n+1)
2 n
Now, ln(i) = ln(l + %) so by Question 3, we have

Cn+1*Cn:1*< )i ;:T)L:l
=
() (e o)

_ 1 —2
=gz toln™)

—

For sufficiently large n, this is negative so C,, is eventually decreasing. Moreover, C,, is eventually bounded below since
it is easy to see C,, > 0 for large enough n. We conclude that C,, converges. [ |
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Question 5
Show that

lim C, = 1ln 2
n—00 2

Solution. By definition, C,, = In(n!) — nlnn + n — 1 Inn from which we obtain

nle™

and thus
n! =e "2k,
Now, by the Wallis formula, we have

) 24n(n|)4
—_ = llm —_—
2 " nheo (20)2(2n + 1)

24n (ein’I’LTH»%Kn)Al
= lim - 5
nmee (6*2”(2n)2”+§K2n) (2n +1)

4n ,—4n,,4n+2 14
2*"e K,

= 1.
nr00 e—An (2n) At IKZ (2 1 1)

. an{
= lim ——"—
n—oo 2KZ (2n+ 1)

= - K? where K = lim K,

4 n—0o0

In the last step, we take advantage of the fact that we know K, converges and thus K, and K,,, converge to the same

thing (which must be non-zero, as K,, = ¢“» > 0).

From the above equation, we obtain K = v/2 and so lim,, ., C, = In(lim,,_, . K,,) = % In27. |
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Question 6

Prove the Stirling formula:

n! ~ 27m<ﬁ)
e

Solution.

Keeping the notation from Question 4, we have
1
In(n!) =nlon—n+ Elnn—l— C,
where by Question 5, we have
1

C, ~ 3 In 27

so
1 1
In(n!) ~nlnn —n+ ilnn + §1n2ﬂ'

Now, if f ~ g, then lim,,_, __(f(n) — g(n)) = 0 s0 e/ ~ e9. Thus, by exponentiating both sides, we get

e (1) e

which is Stirling’s formula. u
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