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Question 1

Let f be non-negative on [a, b]. Show that fj f = 0implies f = 0 almost everywhere. Prove/disprove the converse.

Solution. Assume f: f = 0. Since f is non-negative, we have f(z) # 0 if and only if f(z) > 0, so we want to show that
the set

E={z: f(x) >0}
is a null set. Since countable unions of null sets are null and

E:U{wf(x)>%}

n>1
E

it suffices to show that each F, is null.

So, fix n > 1 and € > 0. Choose a partition I" = {z,, ..., z,,, } of [a, b] with ‘?(f,l“) — 0’ < g/n. Take
1
U= {[xi,xiﬂ] :0<i<m,M; > E}

Then, U is a cover of E,, since if f(x) > 1/n, then the sup of f over the subinterval containing  must be > 1/n.

Enumerate U = { [xij , 332'].4-1] }k ) and estimate
j=

k k
1
4 (%‘jﬂ - xij) = nz E(mij-kl - fUij)
J=1 J=1
m
< nz M;(2;41 — ;) since f is non-negative
i=1
=nS(f,T)
<eg
So, each E,, is a null set and thus E = Un2 , By, isnull. ]

The truth of the converse depends on the integrability of f.

If f is not assumed to be integrable, then the converse is not true. Let f = x, be the Dirichlet function. Then f is non-
negative and zero almost everywhere but x, is not integrable over any interval.

However, the claim “if f is integrable and zero almost everywhere, then f b f =07is true.
a
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Question 2
Let f, g be continuous over [a, b] and f > g. Show that f = g < f; f= fab g.

Solution. The (=) direction is trivial. For the other direction, we first need a small lemma.
Lemma. Let h : [a,b] — R be continuous. If h = 0 almost everywhere, then h = 0.

Proof. We show the contrapositive. Suppose h # 0 so that there is some z, € [a, b] for which h(x,) # 0. Applying
continuity of h at z, with € = |h(z,)|/2 we obtain some § > 0 such that h(z) # 0 for all z € Uy(z,). Since Us(z,) is
not a null set, we see that & is not 0 almost everywhere. [ |

Assume f; f= fj g which implies fj(f —g) = 0. Since f > g, we have f — g is a non-negative function. By Question
1, we thus have f — g = 0 almost everywhere. But, f — g is continuous (since f, g are continuous), so by our lemma,
f — g = 0 almost everywhere implies f — g = 0. That is, f = g. [ |

Bonus problem. Define ~ on R]a, b] by
f~g:=“f =g almost everywhere ”
Show that ~ is an equivalence relation.

True/False: For any f, g € R[a,b]: f ~ g <= f; f= f; g. If false, which implications are true? Can you add
assumptions on f, g to make the statement true?
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Question 3

Let f : [a,b] — R be bounded. Show that if f is continuous almost everywhere on [a, b], then f is Riemann integrable
over [a, b].

Proof. Assume f is continuous almost everywhere. Let D; = {x € [a,}] : f is not continuous at x}. Let M > 0 be an
upperbound for | f|. We will use the Cauchy criterion for Riemann integrability.

Fixe > 0.Let U = {(a;, B;)},_, be a countable open cover of Dy with total length [U| = 3. (8; — ;) < &/4M.

For each z € [a,b] \ U, we choose by continuity of f at z ¢ U some §, > 0 such that for any p, ¢ € Us_(z) we have
|f(p) — f(@)| < &/4(b — a). The collection of all Us ,5(x) alongside U forms an open cover of [a, b] so by compactness
of [a, b] we obtain a finite subcover

o€ U (0,8,) U U U, o)
k=1 k=1

Set § = 1 min, 6,, and let (I',n), (A, 0) be partitions of [a, b] with [I'[, |A] < é. We construct a refined partition

m— I‘UAU( ({%ﬁﬂ%} {wki%};))

That is, II contains all the points of I, A as well as all the endpoints of the intervals in our finite subcover which are in
[a, b]. Write IT as

D=(a=2%2 <2z <<z =b)

We define “pseudo-taggings” n’, 6’ of II by simply inheriting the tags from 7, 6; i.e, for any 0 < r < ¢, we set 7. =
1;,0; = 0; when [z, z,,,] is contained in the ith subinterval of ' and the jth subinterval of A. With this notation, it is
simple to check that

-1 —1
o(f,Isn) = Fm) (21 — 21) and a(f,A,0) Zf (0%) (ks — %)
k=0 k=0
and thus
0—1
|J<f>F777) - 0(f7A7 0)‘ < Z|f(nl/c> - f(e;c)|(zk+1 - zk:)
k=0

Now, every subinterval [z, 2;,,] must be contained either in some (a;,3;) C U or some Uy /2( x;), so we split
up the above accordingly

= Y 1R — O (e — )

[2h,2k41]CU

+ Z |fn) = FON (21 — 2)

[Zk7zk+1]gUézi/2

In the first sum, the difference |f(n;,) — f(6})] < 2M and the total length of the subintervals [z, z,,4] is at
most |U| < €/4M, so we obtain

<

+ Y ) = FO) (g — )

[zk1zk+l]gU5wi/2

N ™

In the remaining sum, choose my, € (2, 2,1 ); since 1, m;, belong to the same parent interval from I which has
size < 0, we have both n;, m, € Us,, for some i so |f (1) — f(my,)| < g7~ Likewise for 6, my, so we obtain

/ / 4 €
|f(mi) — F(OR)] < 1f (i) — F(my)| + | f(my,) — f(r)] < 206—a)
and thus
e €
|0'(f,F,’l7) _0(f7A70)‘ < 5 + 5 =€
By the Cauchy criterion, f is Riemann integrable over [a, b]. |
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