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Question 1

Find all continuous functions f : [—1,1] — R satisfying

/:2 F(t)dt = / F(t)dt

for all z € [—1, 1], where a € [—1, 1] is a fixed constant.
Solution. It is easy to see that f = 0 works. We claim that this is the only solution.

Suppose f : [—1,1] — R is continuous and satisfies the equation. Setting
T
F(z) = / f(t)de
our equation becomes F(z?) = F(z) for all z € [—1, 1]. We claim that F is constant; since F is continuous by the FTC,
it suffices to show F'(z) = F(0) forall -1 < z < 1.
So, fix z with |z| < 1. We have F(z) = F(z?) = F(z*) = ... so we can write

F(z) = lim F(x2n)

n—oo

which, by continuity of F', becomes

F(z) = F( lim m2"> = F(0)

n—oo
So, F is constant. By the FTC, f = F’, so f is identically zero. [ ]

Bonus Problem. Find all continuous functions f : R — R satisfying

x+fozf(s)ds T
t)dt = t)dt
/ swar=[ 50
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Question 2
Let f : [a,b] = R be continuously differentiable with f(a) = 0. Show that
’ (b — a)2 ’
f@yde| < P20 up |f(a)
a z€[a,b|

Solution. Let M = sup,(, 4| ' (z)|- Note that continuity of f’ guarantees M finite.

Now, fix z € [a, b]; we have by the FTC and the assumption f(a) = 0 that
b
fo) = 1)~ @) = [P0y

The MVT gives the last integral equal to f'(¢)(z — a) for some ¢ € (a, z) so we have
[f(2)] < M(z —a)

/ab f(z)dz

for all z € [a, b]. Thus,

S/ablf(x)ldrr

g/bM(xa)dx

- M ar

b2 2
=M<§—ab—%+a2>

_ (b—a)?
= 2 M

as needed. [ ]
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Question 3
Suppose f : R — R is continuous satisfying for all z € R there exists § > 0 such that for all 0 < h < §, we have

z+h
/ F(t)dt =0

Show that f is identically zero.

Solution.

Fix € R. Let § > 0 be as given in the problem statement. For each n = 2, ..., choose some ¢,, € (z,z + §/n) such that
o+6/n

[ 1=t

The existence of such a c,, is by the integral mean value theorem. It is clear that each f(c,,) = 0 and that ¢,, — z, so by
continuity of f, we have

flz) = f( lim cn) = lim f(c,) =0

n—oo n—oo

so f is identically zero. n



	Question 1
	Question 2
	Question 3

