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Question 1
Let f : R — R be T-periodic and integrable. Let g : R — R be defined by g(z) = f;+T f(s)ds. What is ¢’(x)?

Solution.
We claim g’(z) = 0 for which it suffices to show g is constant. Indeed, we’ll show g(x) = fOT f(s)dsforallz € R.
So, fix € R. Let k = |2/T'| and make the substitution s — s — kT to get
z+T z—kT+T z—kT+T
s@) = [ foas= [ fearnyds= [ fs)ds
T z—kT z—kT
where the last equality is due to periodicity of f.
Since k = |z/T'|, we have k < z/T and thus z — kT + T > T so we split our integral
a—kT+T T e kT+T
s@) = [ p@as= [ g [ feds
z—kT z—kT T
In the second integral, we substitute s — s + T to get
z—kT+T z—kT z—kT
/ f(s)ds:/ f(s+T)ds:/ f(s)ds
T 0 0
so we have

g(m):/T f(s)d3+/sz+Tf(3)d3:/T

z—kT

e

as claimed. Since g is constant, ¢’ (z) =
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Question 2
Let f € R[a, b] and F be a primitive of f. Show that f; f(z)dz = F(b) — F(a).

Solution.

We show this by definition of the Riemann integral. Fix € > 0. Since f is integrable, there is § > 0 such that for any
(T,n), (A, 0) € Q*[a, b] with |T|, |A| < &, we have

lo(f,Tn) —o(f,A,0)] <e
Let (T',n) € Q*[a,b] with [T < 6. WriteT' =z < z; < - < &,,.
On each subinterval [z;, z;, |, we have F differentiable so by the mean value theorem, there is 6; € (z;, z,,,) such that
F(z;4) = Fx;) = F'(0;) (241 — 25) = £(0:)(Ti1 — 24)
Let 0 denote the sequence of §,. Now, by our choice of 4, we have
lo(f,Tsn) —a(f,T,0)| <e

but we have

o(T,0) = 3 F0) (s —2,) = 3 F(za) — Fla) = F(z,) — Flay) = F(b) — Fla)
=0 =0
so that
lo(f,T,m) = (F(b) — F(a))| <e
which shows f; f(z)dz = F(b) — F(a), as needed. ]
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Question 3

Show that if f : [a,b] — R is absolutely continuous, then f has bounded variation.
Solution.

Taking € = 1, we have by absolute continuity some § > 0 such that if {(a,, bi)}f: , are a finite collection of intervals
with total length less than §, then Zle |f(b;) — fla;)] < 1.

Choose N sufficiently large so that (b —a)/N < 6.
Fix any partition ' = (zy < -+ < z,,) € Q[a,b] and consider " =T U {a +i%2 : 0 <i < N}.

Since I refines T, the variation of f over I' is at most the variation of f over I' (this is an application of the triangle
inequality).

Write IV =y, < -+ < y,,, and let ¢, ..., i € {0, ..., m} be the indices of the a + i(b — a)/N points. Then,

mz_|f(?li+1)_f(yi)‘ = Z( Z |f(yi+1>_f(yi)|>

i=0 k=0 \4,<i<ig
N-1
< 1=N
k=0
so the variation over any partition is bounded and thus f has bounded variation. [ |
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