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Question 1
Let 𝑓 : ℝ → ℝ be 𝑇 -periodic and integrable. Let 𝑔 : ℝ → ℝ be defined by 𝑔(𝑥) = ∫𝑥+𝑇

𝑥
𝑓(𝑠) d𝑠. What is 𝑔′(𝑥)?

Solution.

We claim 𝑔′(𝑥) = 0 for which it suffices to show 𝑔 is constant. Indeed, we’ll show 𝑔(𝑥) = ∫𝑇
0
𝑓(𝑠) d𝑠 for all 𝑥 ∈ ℝ.

So, fix 𝑥 ∈ ℝ. Let 𝑘 = ⌊𝑥/𝑇⌋ and make the substitution 𝑠 → 𝑠 − 𝑘𝑇  to get

𝑔(𝑥) = ∫
𝑥+𝑇

𝑥
𝑓(𝑠) d𝑠 = ∫

𝑥−𝑘𝑇+𝑇

𝑥−𝑘𝑇
𝑓(𝑠 + 𝑘𝑇 ) d𝑠 = ∫

𝑥−𝑘𝑇+𝑇

𝑥−𝑘𝑇
𝑓(𝑠) d𝑠

where the last equality is due to periodicity of 𝑓 .

Since 𝑘 = ⌊𝑥/𝑇⌋, we have 𝑘 ≤ 𝑥/𝑇  and thus 𝑥 − 𝑘𝑇 + 𝑇 ≥ 𝑇  so we split our integral

𝑔(𝑥) = ∫
𝑥−𝑘𝑇+𝑇

𝑥−𝑘𝑇
𝑓(𝑠) d𝑠 = ∫

𝑇

𝑥−𝑘𝑇
𝑓(𝑠) d𝑠 +∫

𝑥−𝑘𝑇+𝑇

𝑇
𝑓(𝑠) d𝑠

In the second integral, we substitute 𝑠 → 𝑠 + 𝑇  to get

∫
𝑥−𝑘𝑇+𝑇

𝑇
𝑓(𝑠) d𝑠 = ∫

𝑥−𝑘𝑇

0
𝑓(𝑠 + 𝑇) d𝑠 = ∫

𝑥−𝑘𝑇

0
𝑓(𝑠) d𝑠

so we have

𝑔(𝑥) = ∫
𝑇

𝑥−𝑘𝑇
𝑓(𝑠) d𝑠 +∫

𝑥−𝑘𝑇+𝑇

𝑇
𝑓(𝑠) d𝑠 = ∫

𝑇

𝑥−𝑘𝑇
𝑓(𝑠) d𝑠 +∫

𝑥−𝑘𝑇

0
𝑓(𝑠) d𝑠 = ∫

𝑇

0
𝑓(𝑠) d𝑠

as claimed. Since 𝑔 is constant, 𝑔′(𝑥) = 0. ∎
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Question 2
Let 𝑓 ∈ ℜ[𝑎, 𝑏] and 𝐹  be a primitive of 𝑓 . Show that ∫𝑏

𝑎
𝑓(𝑥) d𝑥 = 𝐹(𝑏) − 𝐹(𝑎).

Solution.

We show this by definition of the Riemann integral. Fix 𝜀 > 0. Since 𝑓  is integrable, there is 𝛿 > 0 such that for any 

(Γ, 𝜂), (Λ, 𝜃) ∈ Ω∗[𝑎, 𝑏] with ‖Γ‖, ‖Λ‖ < 𝛿, we have

|𝜎(𝑓, Γ, 𝜂) − 𝜎(𝑓, Λ, 𝜃)| < 𝜀

Let (Γ, 𝜂) ∈ Ω∗[𝑎, 𝑏] with ‖Γ‖ < 𝛿. Write Γ = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛.

On each subinterval [𝑥𝑖, 𝑥𝑖+1], we have 𝐹  differentiable so by the mean value theorem, there is 𝜃𝑖 ∈ (𝑥𝑖, 𝑥𝑖+1) such that

𝐹(𝑥𝑖+1) − 𝐹(𝑥𝑖) = 𝐹 ′(𝜃𝑖)(𝑥𝑖+1 − 𝑥𝑖) = 𝑓(𝜃𝑖)(𝑥𝑖+1 − 𝑥𝑖)

Let 𝜃 denote the sequence of 𝜃𝑖. Now, by our choice of 𝛿, we have

|𝜎(𝑓, Γ, 𝜂) − 𝜎(𝑓, Γ, 𝜃)| < 𝜀

but we have

𝜎(𝑓, Γ, 𝜃) =∑
𝑛−1

𝑖=0
𝑓(𝜃𝑖)(𝑥𝑖+1 − 𝑥𝑖) =∑

𝑛−1

𝑖=0
𝐹(𝑥𝑖+1) − 𝐹(𝑥𝑖) = 𝐹(𝑥𝑛) − 𝐹(𝑥0) = 𝐹(𝑏) − 𝐹(𝑎)

so that

|𝜎(𝑓, Γ, 𝜂) − (𝐹(𝑏) − 𝐹(𝑎))| < 𝜀

which shows ∫𝑏
𝑎
𝑓(𝑥) d𝑥 = 𝐹(𝑏) − 𝐹(𝑎), as needed. ∎
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Question 3
Show that if 𝑓 : [𝑎, 𝑏] → ℝ is absolutely continuous, then 𝑓  has bounded variation.

Solution.

Taking 𝜀 = 1, we have by absolute continuity some 𝛿 > 0 such that if {(𝑎𝑖, 𝑏𝑖)}
𝑘
𝑖=1 are a finite collection of intervals 

with total length less than 𝛿, then ∑𝑘
𝑖=1|𝑓(𝑏𝑖) − 𝑓(𝑎𝑖)| < 1.

Choose 𝑁  sufficiently large so that (𝑏 − 𝑎)/𝑁 < 𝛿.

Fix any partition Γ = (𝑥0 < ⋯ < 𝑥𝑛) ∈ Ω[𝑎, 𝑏] and consider Γ′ = Γ ∪ {𝑎 + 𝑖𝑏−𝑎𝑁 : 0 ≤ 𝑖 ≤ 𝑁}.

Since Γ′ refines Γ, the variation of 𝑓  over Γ is at most the variation of 𝑓  over Γ′ (this is an application of the triangle 

inequality).

Write Γ′ = 𝑦0 < ⋯ < 𝑦𝑚 and let 𝑖0,…, 𝑖𝑁 ∈ {0,…,𝑚} be the indices of the 𝑎 + 𝑖(𝑏 − 𝑎)/𝑁  points. Then,

∑
𝑚−1

𝑖=0
|𝑓(𝑦𝑖+1) − 𝑓(𝑦𝑖)| = ∑

𝑁−1

𝑘=0
( ∑
𝑖𝑘≤𝑖<𝑖𝑘+1

|𝑓(𝑦𝑖+1) − 𝑓(𝑦𝑖)|)

< ∑
𝑁−1

𝑘=0
1 = 𝑁

so the variation over any partition is bounded and thus 𝑓  has bounded variation. ∎
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