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Question 1
Let (a,,) be a sequence of real numbers. Show that if ZZ | @, converges, then lim,,_, |a,,, — a,| = 0. Decide the

converse.
Proof.
For any convergent sequence (a,,), we have lim,,_, |a,,,; — a, | = 0 because convergent implies Cauchy.

It was shown in class that when ZZ | @y, converges then lim,,_, . a,, = 0 (this is by applying the previous claim to the
sequence of partial sums).

For the converse, consider a,, = 1/n. Then lim,,_, |a, ,; — a,| = 0 but the series Ezl 1/n diverges.
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Question 2
Let N € Nand f : [N, 00) — R be monotone decreasing. Show that

Zf(”)<00<:>/oof(t)dt<oo
n=N N

oo

Proof. Observe that /
N
or everything converges to the same value).

e’} n+1 o0 n
f@)de = Z / f)de = Z f(¢t) dt (by this we mean either everything diverges
n=N"Yn n=N+1Yn-1

Thus, it will suffice to compare the terms of
o) n+1 ) e n
S [ sy sm<sn+ Y [ s
n=N"vn n=N n=N+19Yn—1

This follows immediately from monotonicity as for alln > N,

n+1
f@) < fm) foro>n— [ fe)de< ()

f(n) < f(z) forn > = f(n) < ’ f(e)de

n—1
The comparison test gives the desired equivalence. [ |

Remark. We don’t assume integrability of f because it follows from monotonicity. Recall that monotone functions have
countably many discontinuities (we showed this in the last test of MAT157) and so are integrable everywhere by
Lebesgue’s criterion.

Remark. You may see this result stated with the additional assumption that f(z) > 0 for all z. The assumption is
unnecessary since if f(z) < 0 for some z, then the monotone condition implies that both the series and integral must
diverge (why?).
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Question 3
For k > 1, let log;,(z) denote the k-fold composition of log and N}, denote the least integer such that log;, (N},) is well-

1
defined and positive. Show that for all k > 1, the series Z —
n=n, N1, log;(n)

Proof. Fix k > 1. We will apply the result of Question 2. To this end, let f : [V, 00) denote the function
1
TR g N
T Hi:l logz (.’L')

To apply Question 2, we need to know f is monotone decreasing. This should be clear, as log is increasing, compositions

is divergent.

f(z)

of increasing functions are increasing, and products of positive increasing functions are increasing. Thus, the
denominator in f is increasing, so f is decreasing.

We want to show the series ZZO_ NI (n) is divergent. By Question 2, it suffices to show the improper integral
B
f;o f(t) dt is divergent. To evaluate this integral, observe that f is actually the derivative of log;, ;. This can be seen by
k

induction where the inductive step is simply the computation:

d d 1 d
0801 (0) = - og(loge(o) = -t ( £ tore(o)

So,

o0 . x d
/Nk f(t) dt—wli)rgo /Nk <£1ng+1(t) dt)

= wli_}rgo(logkﬂ(aﬁ) - 10gk+1(Nk>)

=0

Since the integral diverges, so does the series > °° N (n). Where the last equality is because log,, ; is unbounded (the
n=mNg

composition of unbounded increasing functions is unbounded). [ |
Remark. In class, you showed the p-test: EZO: ) n—lp converges iff p > 1. This result shows that there are infinitely many
functions f that are “in-between” X and —'~ for all & > 0 such that Z:o: | f(n) diverges.
o0
1

Bonus. Show that for all £ > 1 and all € > 0, the series converges.

7, n(logy (n)) ' T log, (n)
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